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1 Introduction 

The gravitational interaction is by many orders of magnitude the weakest of all known 
interactions. The Planck length lp, related to Newton's constant through lp = ^jGh/c 3 , 
is 10 12 smaller than the smallest length scale explored with standard-model physics, and is 
more than 10 32 smaller than the length scales probed by direct gravitational experiments. 
It is commonly believed that the classical geometrical picture with which we interpret 
large-scale physics must at some stage be abandoned as we approach smaller and smaller 
scales, but when and how this exactly happens is a matter of much debate. In the usual 
scenario we might think of the Planck length as a fundamental cutoff scale and carry the 
4-dimensional geometric picture down to (say) some hundreds of Planck lengths, at which 
stage we would presumably enter the domain of pure quantum gravity. 

A radically different possibility which has recently attracted much attention is that 
there might already be observable deviations from this usual scenario at sub-millimetre 
distances. In the "large extra dimensions" scenario the geometry of spacetime is the 
product of our usual 4-dimensional spacetime times some relatively large but mathemat- 
ically compact extra dimensions giving rise to a rich phenomenology at low energies. 
(At even smaller scales this geometrical multi-dimensional continuum would melt into a 
more fundamental quantum gravity theory, such as for instance string theory.) In this 
scenario the Planck length would be an effective scale derived from the more fundamen- 
tal electroweak scale, and the hierarchy problem (between these energy scales) would be 
translated into a hierarchy between the fundamental and the compactification scales. In 
this approach, the standard-model fields in our 4-dimensional hypersurface would not be 
part of a standard Kaluza-Klein reduction M. (See also [0 for a survey of other older 
non-standard Kaluza-Klein proposals.) 

Another possibility with similar phenomenological richness which, moreover, avoids the 
new hierarchy problem left over by the previous approach, is the "brane world" scenario. 
Randall and Sundrum recently proposed that the extra dimensions could be non-compact 
provided that they were sufficiently "warped" ||. (For similar suggestions, see also Q 
and ||. Considerably older precursors to the idea of non-compact extra dimensions can be 
found in || and 0.) Inspired by string theory, Randall and Sundrum proposed than we 
live on a 3-brane [(3+l)-dimensional hypersurface] evolving in a (4+l)-dimensional anti- 
de Sitter bulk. Everything is confined to live on the brane, except for gravity itself. To 
"weakly trap" gravity the specific form of the spacetime geometry provides a normalizable 
Kaluza-Klein zero mode, corresponding to a 4-dimensional graviton (trapped near but 
not on the brane), plus a continuum of massive Kaluza-Klein graviton modes modifying 
the gravitational interaction at small distance scales (scales comparable with the warp 
length) . 

Within this brane world scenario much work has been done analyzing the effective 
gravity induced on the brane [§, ^ [TO]. From a cosmological perspective, it has been 
demonstrated that we can recover a Friedmann-like evolution for the late brane world if 
there is a large negative cosmological constant in the bulk and a large positive intrinsic 
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tension on the brane. These are carefully arranged to counteract each other, and so leave a 
small (possibly zero) effective cosmological constant || |§ . In the early brane world, when 
the energy density of matter fields reaches values of the order of the brane tension, the 
cosmological evolution will be modified giving place to a polynomial inflation ||. From 
a more general point of view, the circumstances under which it is possible to recover 
standard general relativity on the brane have been studied, and possible modifications to 
the standard picture have been analyzed |TD . 



It is important to realize that apart from gravity itself there could be other fields not 
constrained to live on the brane. By considering the low-energy field theory limit of string 
theory one can deduce the existence of a plethora of bulk fields: primarily the dilaton field 
and the torsion field, but generically there will also be many moduli fields (corresponding 
to "soggy" deformations of the six-dimensional Calabi-Yau manifold that is also part 
of these string- induced scenarios). Also, adopting a modification of more conventional 
Kaluza-Klein ideas, it is possible that our 4-dimensional (light) standard-model fields 
might be the reduction to 4 dimensions of some 5-dimensional fields with Planck scale 
masses, with the effective 4-dimensional mass being greatly suppressed compared to the 
more fundamental 5-dimensional mass parameter [11] . Thus it is important to understand 
the role that additional bulk fields might play in the brane world scenario. 

For instance, the existence of scalar fields in the bulk could provide an answer to the 
cosmological constant problem Jl2| (for early ideas on this subject, see [fT3]). For arbitrary 
values of the brane tension (an intrinsic vacuum energy density) there exist solutions of 
gravity plus a dilaton scalar field which lead to zero bulk cosmological constant, and 
are compatible with a 4-dimensional Poincare invariant brane world ||12|| . (This implies 
a vanishing effective cosmological constant for the brane evolution.) In these solutions 
the warp factor becomes zero at a finite proper distance from the brane in the extra 
dimension and so it is "effectively compactified" leaving standard 4-dimensional gravity 
for large scales. 

In the models considered to date the bulk scalar fields have no direct coupling to the 
bulk scalar curvature. In the case of the dilaton field this is accomplished by working 
in the Einstein frame and not in the (perhaps more natural) string frame. There are 
many interesting scalar fields theories that cannot easily be dealt with in the current 
approach, such as the Brans-Dicke theory (and more generically, scalar-tensor theories), 
non-minimally coupled scalars, or the dilaton field in the string frame. In this paper we 
will work out a formalism to deal with a large class of scalar field theories in arbitrary 
frames, by allowing arbitrary couplings to the bulk curvature scalar. 

In section ^ we will review the Israel-Lanczos-Sen thin-shell formalism jTJJ , obtaining 
the junction conditions in an easy to generalize manner by beginning directly from the 
gravitational action. This method will be then be applied the case in which several very 
general scalar fields interact with gravity. We will obtain generalized junction conditions 
for these systems. In sections [3] and (| we will discuss these new junction conditions. We 
will see that these junction conditions are now much more complicated than the usual 
ones, and that many intuitive arguments involving brane tensions no longer work. The 
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point is that the insertion of a "kink" in the geometry, achieved by inserting a thin 
shell of stress-energy, now gives a contribution to the formation of a "kink" in the scalar 
field configuration. Vice-versa, the presence of a "kink" in the scalar field now makes 
a contribution to the formation of a "kink" in the geometry. Finally, in section |5| we 
summarize our results and try to put things in perspective. 



2 Action principle and junction conditions 

We are interested in geometries in n spacetime dimensions that have an internal hyper- 
surface of co-dimension one on which there is no well defined notion of tangent plane. The 
derivatives of the metric, with respect to a proper normal coordinate across the hypersur- 
face, undergo a jump on passing through it. We can interpret the presence of this jump in 
the normal derivative of the metric as produced by an infinitely thin shell of stress-energy 
located on the hypersurface (one can speak equivalently of a thin shell of stress-energy, 
an idealized domain wall, or an evolving n — 2 brane). The junction conditions give a 
relation between the intrinsic energy-momentum tensor of the brane and the form and 
strength of the jump in derivatives of the metric (encoded in the jump in the extrinsic 
curvature of the hypersurface as seen from its two faces). 



2.1 Israel— Lanczos— Sen junction conditions: Einstein Frame 



Let us first review (and extend) the derivation of the standard Israel-Lanczos-Sen junc- 
tion conditions. We will use a method easily generalizable to more complicated systems 
involving non-minimal couplings between gravity and additional fields. (The paper by 
Chamblin and Reall |15j contains a similar derivation of the Einstein frame junction 
conditions.) We start with the Einstein-Hilbert action, supplemented by the Gibbons- 
Hawking boundary term JTjJ, and add both bulk fields and an intrinsic action for the 
brane: 



S = - I d n x (R - 2A) - / d n ^x K 

2 Jint(M) JdM 



+ ( y/=g d n x £ bulk + / d^x C 

Jint(M) J brane 



brane • 



(2.1) 



Here qAB represents the induced metric, either on the (n — l)-dimensional hypersurface 
forming the boundary, or on that defined by the brane. (We adopt the conventions of 
Misner, Thorne, and Wheeler 



17 



This expression makes perfectly good sense because 
the scalar of curvature is well defined (in the distributional sense) even at points on the 
brane itself. 

For definiteness we shall split the bulk matter Lagrangian £buik into contributions 
from the scalar moduli fields <p l , which for generality will be described by a non-linear 
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sigma model, and other generic bulk fields denoted i/j. That is 



£bulk(#AB,0,^) 



AB d A ^d B <\P -V(<P,i;) + £ hulk (g AB ,4>). (2.2) 



As usual, we assume that £buik(g ab, 4 1 ) contains no second derivatives of ip, and for 
convenience assume it contains not even first derivatives of the metric. (This last condition 
is not essential, but relaxing it would involve additional unnecessary algebraic complexity.) 

In the spirit of the brane world models, let us now deal with spacetimes that are 
decomposable as Ex M, where M represents a spatial dimension parametrized by r\ and 
£ is a n — 1 dimensional spacetime (locally, this is always possible). We consider a formal 
evolution in the n parameter between two fixed hypersurfaces located at 7^ and T]f (they 
are assumed to comprise the boundary dM), leaving the brane located at rj = 0. (In 
most of the literature, the fifth dimension n is taken to be spacelike, and we also take 
this option; it is for this reason that we speak of n as "formal" evolution parameter, for 
timelike fifth dimension a few minus signs will change.) The total action ( j2.1| ) can be 
re-written as 



S 



lim | — / 

0-,0+^0 I 2 Jrn 



-g dn d n x 



(n-l) ; 



R - K AB K AB + K l - 2A 



1 f r if __ r 

+ - / V^9 &V d n_1 x {n - 1] R - K AB K AB + K 2 -2A 

1 r 0+ r 0+ l 
+- / dn d n - x x R - / d^a; K 

2 Jo- J 0- J 



+ 



-g d n x £ bu ik 



" / V-Q d ™ X ^brane- 

'brane 



(2.3) 



In obtaining this expression we have used the fact that one can unambiguously separate 
R into a term that contains no second derivatives of the metric, and a second term (a 
total divergence) isolating all the second derivatives of the metric: 



R = (™- 1 ) J R - K AB K AB + K 2 + 2V A (n A K), 



(2.4) 



with n A denoting the normal to the foliation. To verify this, see for example, MTW 
(21.84), (21.86), and (21.88), supplemented with exercise (21.10), and equation (21.82), 
being careful to keep to a timelike hypersurface (spacelike normal) throughout [|17]] . Also 
note that in MTW conventions 



K 



AB 



1 dq AB 

2 drj 



(2.5) 



for both spacelike and timelike hypersurfaces. 

For the class of geometries we are considering the scalar of curvature is everywhere 
finite except for a possible delta-function contribution at rj = 0. If K undergoes a finite 
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jump at 7] = 0, then the term with second derivatives of the metric (first derivatives of 

/ill give rise to this delta-function contribut 

1 f° dr) d n ~ l x R - [ d n ~ l x K 

2 Jo- J 



K) in equation (|2.4j ) will give rise to this delta-function contribution. Then, it is easy to 
see that 



lim 

o-,o+^o 



0. 



(2.6) 



independently of the existence or not of any delta-function contribution. 

As a consequence, the total action (though not the bulk Einstein-Hilbert Lagrangian) 
is finally formed by two standard bulk pieces [the first two terms in ( [2.3|) 1 plus the contri- 
bution of the brane [last term in fl2.3| )l. We explicitly see that the action Q2.1| ) contains 
no second derivatives of the metric: 

r=g dr] d^x fr-QR - K AB K AB + K 1 



=g dr] d^x ^ n -*>R - K AB K AB + K 2 
d n x £ bu i k 

=gd n_1 a; C 









Z Jr\i 




1 pf 


+ 


2 Jo 


+ 


f 




Jint(M) 


+ 


/ , 




J brane 



brane • 

This action can now be re-expressed in a Hamiltonian form 



(2.7) 



S 



+ 
+ 



f 

/ yf^g dr] d n ~ x x 
~~g dr] d n_1 a; 



AB d-lAB n,, ^AB\ 

7T — n{qABi^ ) 



dr] 



'if 



AB dqAB nj, ^AB\ 
7T — n{q A B,n ) 



dr] 



brane 



brane > 



{21 



where we have temporarily suppressed the bulk fields <j) 1 and ip. Here TC is the appropriate 
Hamiltonian density (its exact form is not needed for the following argument), and we 
use the following definition for the canonical momentum 



7T 



AB 



1 



-g(K AB -q AB K). 



(2.9) 



The canonical Hamiltonian will also depend on the lapse and shift function of the standard 
[(n — 1) + 1] ADM decomposition, but we have omitted it for simplicity (as it does not 
contribute in the following argument). We have partially fixed the gauge by placing the 
brane at rj = 0. Therefore, we are going to consider only diffeomorphisms that do not 
affect the boundaries or the location of the brane. 

By varying this action with respect qAB and tt ab we obtain 



5S 



-g dr] d n 1 x 



dqAB dH 



dr] 



9ix ab 



5tt 



AB 



Moduli fields and brane tensions: generalizing the junction conditions 



7 



'it 



d7i AB an 
+ 



-gdrjd n 1 x 

dr) dq AB 

rjf 

^d n ~ l xir AB 5q AB 



SqAB 



+ 



~AB\ 



5qAB 



rj=0 



+\jV=q~ d n -'x S AB 5q AB , 



[2.10) 



where S AB is the energy-momentum tensor of the brane. 

This action has an extremum among all the geometries that connect the two fixed 
hypersurfaces at r]i and rjf when: (i) it satisfies the classical equation of motion in the 
two bulk regions (the full diffeomorphism invariance in each bulk region will result in 
the additional classical constraint equations not of direct interest), and, (u) when the 
junction condition 



^AB 71 AB 



-q S_ 



AB 



holds. 

Now define 

K AB = K\ B -K~ AB , (2.12) 

and substitute the explicit form of the momentum ( |2.9| ) into ( |2.11| ). We obtain the usual 
Israel-Lanczos-Sen junction conditions 



/Cab — /C qAB = Sab- 



(2.13) 



For future generalization, we find it convenient to split this result into trace-free part and 
a trace, so that 

K-ab ~ ~ 7 £ Qab = S AB - S q AB , (2.14) 



n — 1 



n 



and 



K 



S 



n 



This can be reassembled to yield the equivalent form 

1 



Kab — Sab — 



n 



S qAB- 



(2.15) 



(2.16) 



These junction conditions have a tremendous number of applications, well beyond the 
confines of the brane world scenario, and are a basic tool of general applicability . 

Now reinstate the non-gravitational bulk fields (jf and r/>, and repeat the argument: 
there will be several additional conjugate momenta 



7iy 



-g Hij{4>) 



drj 



(2.17) 
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and 



7ty 



-9 



'd£ hvik (g AB , i>) 



d(dijj/drj) J ' 

There will also be additional junction conditions on the bulk fields (j) 1 and ip: 

^^brane 



and 



dip 



(2.18) 



(2.19) 



(2.20) 



Because we have decided on an explicit form for the <p l Lagrangian, we can simplify that 
junction condition considerably. First introduce the notation 



+ 



J 1 = n A (d A < 



n A {d A <p 1 )- = 



drj J \drj J 

Furthermore, let H % ^{(j)) denote the inverse matrix to ify (</>). Then 

^^brane 



J % = -H l3 (<j)) 



(2.21) 



(2.22) 



On the other hand, because we have made no specific commitment as to the form of 
A>uik(<7ABj VO the best we can say for those fields is that 



dC hu i k {g AB ,ijj) 
d(di/j/dn) 



dC hu i k (g AB ,ip) 
d(dip/dr]) 



dC hranc (g AB ,j>) 
dip 



(2.23) 



Though abstract, this bulk-field junction condition is perhaps the clearest general state- 
ment one can make regarding the coupling of non-gravitational bulk fields to the brane. 
In the next subsection we will see how this method of obtaining the junction conditions 
is easily generalizable to even more complicated systems, and in particular how to deal 
with generic frame dependence and non-minimal curvature coupling. 



2.2 Moduli fields — Generic frames 

We are now going to analyze a system in which there is not only gravity in the bulk, but 
also additional bulk scalar fields with a non-minimal coupling to the curvature scalar. 
Explicitly, we take an action of the form 



s = - 1 

2 in 

/, 

L 



2 Jmt(M) 
+ 

'int(M) 



-g d n x F{4>) [R - 2A] - f d n ~ l x F(<f>) K 

J dM 

~gd n x 



-HiM) [g AB d A ^ d B ^\ - V(<f>, V) + C hulk (9AB, V) 



- / V^Q d n x C brane (q AB , 0, ip). 

brane 



(2.24) 
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The Gibbons-Hawking boundary term now takes the form 

-/ V~Q d n_1 a; FU>) K. (2.25) 

JdM 

This is specifically chosen to cancel the second derivatives of the metric in the Einstein- 
Hilbert action. The two (in principle) arbitrary functions, F((p) and Hij((p), allow us to 
take into account a large class of possible moduli fields. 

In this notation the dilaton field in the string frame corresponds to 

F(<f>) = e" 2 *; H(<f>) = -4 e -2 *. (2.26) 

In the Einstein frame the dilaton corresponds to 

F{4>) = 1; H{4>) = (2.27) 
Standard non-minimally coupled scalars correspond to 

F(0) = 1 - Cij 4>' J ; iZyfa) = Sy. (2.28) 

This is typically (though perhaps misleadingly) referred to as the Jordan frame, in this 
context meaning the frame in which these particular scalars have canonical kinetic energy. 
Note that non-minimally coupled scalars (e.g., conformally coupled) are from a quantum 
field theory point of view generic however from a gravitational point of view they 



are potentially problematic, leading to classical violations of the energy conditions and 
worse |19|, [2T| . Note that you can always make non- minimal coupling go away by per- 
forming a conformal transformation and shifting frame to the Einstein frame — there 
is however a conservation of difficulty and the price paid is to modify the scalar kinetic 
energies. It is often convenient to keep the scalar kinetic energies simple and instead 
confront non-minimal coupling head-on. Finally, we can describe a Brans-Dicke theory 
by means of 

F(cf>) = <P; H(<j>) = ^f-. (2.29) 

Confusingly enough, this is also typically referred to as the Jordan frame, in this context 
meaning the frame in which the kinetic energies of all other non-Brans-Dicke bulk fields 
are canonical. 

We will shortly see that the presence of a function F(<ft) ^ 1 can yield to very inter- 
esting effects. To also take into account possible interactions between the brane and the 
bulk fields, in our analysis we will allow the brane Lagrangian to depend arbitrarily on 
the metric and on the bulk scalar fields, (this is in addition to its dependence on the fields 
trapped on the brane). We will allow also a bulk potential term for the scalar fields, and 
a cosmological constant in the bulk. 
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Now, let us follow the same steps as in the previous subsection. The whole action 
( p.24j ) can be separated into two bulk contributions without any second derivative of the 
metric plus the brane action. From the term 



\jV=g~d n x F{cf>) R 



we can see that the bulk actions include a term of the form 

d\nF((f)) 



ljV=9d V d n ~'x F(<j>) 



- K AB K AB + K 2 -2 



drj 



K 



(2.30) 



, (2.31) 



with the prime denoting ordinary derivative with respect to (p. Indeed the total action is 
1 r° 



S = - f dn d n ~ l x 

2 4 



F(cf>) 



{n - 1] R - K AB K AB + K 2 - 2 



1 rVf , 

+ o / V=9 dr, d n ~ l x 

2 Jo 



F(<f>) 



{n - 1] R- K AB K AB + K 2 -2 



d\n.F{<j>) 



d\nF(<p) 



drj 



K-2A 



drj 



K-2A 



+ 

+ 
+ 



-g d V d n ^x { --H l3 (<P) [g AB d A f d B <jP\ - V{(f>, %b) + C hulk (g AB , ^) 



brane 



g d V d n ^x \ ~Hij{<i>) g AB d A <p l d B <\P - V{<j>, rb) + C hulk {g AB , rb) 



d n ~'x C 



brane • 



(2.32) 



When re-expressed in a Hamiltonian form we get 

ab dqAB A J 



S = f J=g~ drj d n ~ x x 

+ / drj d n x 

Jo 

=g d^x C 



dip 



1 + ^ ~f~ + ^ ~T~ ~ ^(QAB, <P, 4>, K AB , TC^, 7T^) 

drj drj drj 



AB dq AB d(j) 1 drb AB 

7T — h^i- h7ty- l-L{q AB} (p,rb } 7r ^tt^tt^) 

drj drj drj 



brane 



brane 1 



;2.33) 



where again we do not need to know the detailed form of the Hamiltonian. Following the 
same reasoning as before, we conclude that the modified junction conditions read 

1 



^ ab ~ n AB = - y/-q S A b, 

4- — 1 '^•^-'brane 



dC 



brane 



dip 



(2.34) 

(2.35) 
(2.36) 
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but now with a different definition for the gravitational momentum 



t^ab = l:V^q F{4>) (K AB - q AB K) + \^q~ 



drj 



Qab- 



Here for convenience we have defined 



dF{<j>) 



(2.37) 



(2.38) 



The momentum canonically conjugate to <fi is also altered and now reads 



drj 



-q Fi(<j>) K. 



(2.39) 



Obviously, the generic expression ( |2.18 ) for the momentum canonically conjugated to ip 
remains unchanged and so its associated junction condition ( |2.23 ). For simplicity, from 
here on we will not consider explicitly these additional fields. Rearranging the previous 
expressions [ (|2.34 ) to ( 2.39Q 1 and using the previous definition of J 1 we arrive at 



F{(j>) {K.AB - Qab K) + Fl(<f>) X q AB = S AB . 



and 



dC 



brane 



;2.40) 



'Mi) 



This shows how discontinuities in the extrinsic curvature mix with discontinuities in the 
normal derivatives of the scalar field. (The junction condition for ip is unaltered because 
of our technical assumption that -Cbuik^AB, 4>) contains no metric derivatives.) In the 
Einstein frame [F(<p) = 1] this mixing switches off and we recover the ordinary Israel- 
Lanczos-Sen junction condition, supplemented by the bulk-field junction conditions of the 
preceding subsection. If we move away from the Einstein frame (and it is often convenient 
to do so) the price paid is that the junction conditions become inextricably intertwined. 

For these generalized junction conditions it is extremely useful to separate the equation 
( p.40| ) into a trace-free portion and a trace. That is 



K-ab — 



and 



n 



in 



K, q AB 



F(0) 



S A B 



1 



n — 1 



S q A B 



(2.42) 



2) F(4>) K-(n-l) F((4>) J 1 = -S. (2.43) 

Inverting the general equations Q2.41 ) and ( 2.43|) yields our final form of the generalized 
junction conditions. For the trace of extrinsic curvature 



K 



S + (n-l)Hv^)F>(4>) QC brane );. 
(n - 2)F(0) + (n - 1)^(0) H(4>) F{{<f>) ' 



(2.44) 



Moduli fields and brane tensions: generalizing the junction conditions 



12 



For the normal discontinuity in the scalar derivative 



X = H ij ((f>) 



F' 



S 



in 



l)H^{(j>) F'{<j>) (£ brane ; 



[n - 2)F(<j>) + (n - F'M F M) 



brane J 



(2.45) 



By looking at the expressions (|2.42|) , ( |2.44j ), and ( |2.45|) the first thing that we can notice is 
that for F(<f>) = 1 neither does Kab depend on C' b nor does J depend on Sab- As we have 
already seen in the previous subsection, in the Einstein frame the coupling of the brane 
degrees of freedom to the scalar field and to the metric separately induce uncorrelated 
kinks in the geometry and in the scalar field. When F(<f)) ^ 1, however, both effects 
become interconnected: a kink in the scalar field configuration can be produced even 
though there is no direct coupling between the bulk scalar field and the fields on the 
brane, and vice-versa. 

These complete sets of generalized junction conditions [either Q2.4U ) and ( J2.41 ), or 
( [2. 42] ), (|2.44|) , and (|2.45|) 1 are very powerful. They cover most of the scalar fields one 
can encounter in the literature, and have wide applicability beyond the confines of the 
brane world scenario. The most important differences between these junction conditions 
and the standard ones show up when F((j>) ^ 1. In the next section we will discuss the 
peculiarities of these conditions when F((f)) ^ 1, that is, when there is a scalar field that 
is not minimally coupled to the geometry. 

Finally for completeness we mention that it is still possible (but perhaps algebraically 
not so useful) to reassemble the trace and trace-free parts of the extrinsic curvature to 
yield 



K<ab 



S 



AB 



F{4>) 



f [F(</0 + H*(<l>) F!{4>)' FVMS + F(<j>) H^) FM) (£ brane );- 
\ (n - 2)F(<P) + (n- l)H^<f>) F!(<j>) Fj(<f>) 



Qab 



F(<py 

(2.46) 



3 The exceptional case 



An exceptional case occurs when the denominator in the generalized junction conditions 



vanishes, that is, when 



(n-l) 



[n 



(3.47) 



This can only occur for F(<f>) Hij(4>) not positive definite as we are assuming n > 4 to avoid 
too simple a gravity law. Also note that a dilaton field never satisfies this exceptionality 
condition, either in the Einstein or the string frames. 

In this case the expressions ( [2.44P , (|2.45|) , and Q2.46 ) are not well defined. However, 
what this condition really means is that the matrix inversion used to go from ( 2.41| ) and 
( |2.43| ) to ( 2.44|) and ( |2.45| ) is singular, though the trace-free relationship (|2.42 ) remains 
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perfectly valid. The attempt to invert the singular matrix now instead results in a com- 
patibility condition between S and C' hrimc 

= ^Jffi S > ( 3 - 48 ) 



and a reduced set of linear constraints between K, and J 1 [say equations (|2.41|) ], so that 
we could view /C (for instance) as freely specifiable. 

As a particular example, for these exceptional systems one can have "phantom branes" 
or "Cheshire cat" configurations with both a kink in the geometry and in the scalar 



field without the need to add any external thin shell of energy. From ( |2.40| ) and ( |2.41 ) 



taking £brane(fl'AB> ^ = so that both Sab — and (£brane)i = 0, and imposing the 
exceptionality condition ( J3.47| ) one arrives at 

ICab = -^-r F 'itlf QAB, and T = -H ij (<f>) Fj(<f>) K, (3.49) 

that is, a simple relation between the jumps in the extrinsic curvature and in the normal 
derivative of the scalar field. (And note in particular that there is a unique direction in field 
space for which there is a discontinuity; effectively, in these "Cheshire cat" configurations 
only one of the scalar fields is allowed to have a discontinuity.) 

To better understand what this system means we can perform a conformal transfor- 
mation to the Einstein frame. The above condition between F(4>) and H(4>), equation 
( [3.47| ), is nothing more than the condition to (at the point in question) eliminate the 
kinetic term for one of the scalar fields in the Einstein frame. (And so locally turn that 
scalar field equation, in the Einstein frame, into an algebraic constraint rather than a 
differential relation.) To see this, note that transforming from the generic F(4>) ^ 1 frame 
to the Einstein frame implies the conformal redefinition 

QAB = fi 2 (0) [g E ]AB, (3.50) 

with 

fi(0f- 2 = F{<t>Y\ (3.51) 

and the concomitant redefinition 



in 



1) Fl{<j>) F'U) 



Hytf) - \H E U<P) = HM) + w _ 2 • (3-52) 



Then 



det[H E ] = det(H) |l + _ — | . (3.53) 

So det[fr^] = is equivalent to the exceptionality condition ( |3.47| ). 

If we insist that the exceptionality condition hold as an identity throughout field space 
rather than "accidentally" at some specific value of the field, then we can think of this 
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kind of scalar field as nothing more than the conformal part of the metric in a pure-gravity 
theory (with its corresponding "negative" kinetic energy). That is, if we start with the 
ordinary Einstein-Hilbert action and spilt the metric into a conformal factor times some 
fiducial metric, then the conformal factor (when viewed as a scalar field propagating in the 
geometry of the fiducial metric), identically satisfies the exceptionality condition above. 

Indeed if qab and <f) are t ne on ty fields present in the bulk then these "Cheshire cat" 
branes can always be smoothed away in this manner, leaving absolutely no trace of their 
existence, and so they should then be viewed as completely unphysical mathematical 
artifacts. If there are several scalar fields, then this argument still goes through (modulo 
potential problems from globally diagonalizing the Einstein frame sigma model metric 
[H E ]ij)- 

On the other hand, consider the very intriguing possibility that the exceptionality 
condition holds not as an identity in field space, but rather as an "accident" at a point in 
field space corresponding to the value of the scalar fields on the brane. Then "Cheshire 
cat" branes of this type cannot be globally transformed away in the above manner. You 
can eliminate the kink in the geometry, and the kink in the scalar fields, but there will now 
be at least one scalar field with a very peculiar kinetic energy term: a kinetic energy that 
vanishes at some (but not all) points in field space. There is a conservation of difficulty 
and one has a tradeoff between kinks in the geometry and scalar fields versus exceedingly 
peculiar kinetic energies. 

4 Moduli fields and brane tensions 

Let us now restrict the discussion to "bare" brane Lagrangians of the form 

£branc = ~T f(<f>), (4.54) 

that is, the brane only provides a vacuum energy modulated by the value of the scalar 
field: 

Sab = ~T f{<j>) q AB - (4.55) 
An immediate consequence is that the trace-free part of /Cab is zero, 

/Cab = : - K Qabi (4.56) 

n — 1 

and that all of the interesting physics is hiding in the trace K and in J. 



4.1 Dilaton field in the Einstein frame 

Consider F(<p) = 1 and H(4>) = 4/(n — 2). This is the common case analyzed in the 
literature — a dilaton field in the Einstein frame [|12|. Then a positive brane tension, 



T f((j)) > yields a warp factor that decreases when going away from the brane. (Strictly 
speaking this is true only when one imposes a Z2 symmetry on the solutions, or adopts 
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the "one-sided" view discussed in [0, ^TJ. More generally we have to say that is the sum 
of the variation of the warp factor when departing from the brane in the two possible 
directions that decreases away from the brane.) 

The behaviour can be easily read from Q2.15Q and (|2.22|) [and also from the more 
general fl2.44| ) and ( |2.45| ) when particularized to this case]: 



K= 1 —S = ^-Tf(<P). (4.57) 

n — 2 n — 2 

The behaviour of the scalar field away from the brane depends upon the derivative of 

77—2 

J = — Tf{4>). (4.58) 

For positive tension branes (T /(</>) > 0), the condition [In /((/>)]' > yields a scalar 
field that decreases away from the brane; with [In /(</>)]' < the scalar field increases. 
Generically it is found that positive tension branes give rise to bulk configurations in 
which at some finite distance from the brane the spacetime "terminates" in the form of a 
naked singularity |]I2"|| . 

When F((f)) ^ 1 this is no longer true. The existence of a coupling between the scalar 
field and the curvature makes the junction conditions more involved. The thin shell of 
energy contributes not only to the kink in the geometry but also to that in the scalar 
field. To see this with more detail, let us consider the case of a dilaton field in the string 
frame in 5 dimensions. 



4.2 Dilaton field in the string frame 



Consider F(<p) = exp( 
( gig ) and tfLWh as 



-20) and H(<fi) = —4 exp(— 20). Write the junction conditions 



\n — 1) T e 



2rf> 



m + \f{4>) 



J = Te 



2<i> 



n 



-m + 



n 



(4.59) 
(4.60) 



-cup 



2 , vr, 4 

Imagine that we take an ansatz for the scalar field-brane coupling function /(0) 
Then, for 2(n — l)/(n — 2) < a < +oo the warp factor and the dilaton field decrease away 
from the brane. For a = 2{n — 1)/(t7 — 2) the warp factor still decreases away from the 
brane but the dilaton configuration has no kink. For 2 < a < 2(n — l)/(n — 2), the warp 
factor decreases away from the brane but the dilaton field increases. For a = 2, which 
is the case usually chosen as the appropriate coupling, there is no kink in the geometry 
and the dilaton increases away from the brane. For a < 2 (the case /(0) = 1 would 
correspond to a = 0) the warp factor and the dilaton increase away from the brane. 

In view of the previous discussion some observations are in order. Let us take a 
coupling function /(0) = e~ 2r ^, and restrict to the case n = 5. This is used commonly as 
representing the coupling of the dilaton field to the brane [jl2j ; (in the Einstein frame used 
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in those works the corresponding coupling function is /e(0) = e 2 */ 3 ). For this case we see 
that we can have 3-branes with arbitrarily large tensions but, nonetheless, with a smooth 
string-frame geometry (that is, without any hypersurface on which there is a jump in 
the extrinsic curvature). We would notice the existence of such a 3-brane only through 
its effect on the scalar field configuration. However, in transforming this metric-scalar 
configuration to the Einstein frame we will recover a kink in the Einstein frame geometry 
at the location of the 3-brane. This is due to the fact that the Einstein frame metric is a 
function of both the string frame metric and the scalar field. From the point of view of the 
Einstein frame is the existence of a kink in the geometry that is trapping 4-dimensional 
gravitons near the brane world. From the string frame point of view, this trapping will be 
due to a non-differentiable variation of the effective Newton constant when moving across 
the brane. From the Einstein frame point of view a finite 4-dimensional Newton constant 
would show up in the brane if the extra dimension has a finite volume per unit area. (By 
this we mean that / a(n) dn =< oo where a{rf) is the scale factor of the geometry.) Taking 
the string frame point of view, the relevant quantity is the volume of the extra dimension 
weighted by the scale factor derived from the effective Newton constant. 

5 Summary and discussion 

We have generalized the Israel-Lanczos-Sen thin-shell junction conditions to the case in 
which the bulk spacetime is filled, apart form gravity itself, by a set of general scalar 
fields with non-trivial curvature coupling. First, we have derived the standard Israel- 
Lanczos-Sen junction conditions beginning directly from the gravitational action. The 
method we have followed turns out to be straightforwardly generalizable in the presence 
of other fields in the bulk. We have found these new junction conditions for gravity plus 
a very general set of moduli fields with arbitrary couplings to the scalar curvature. Our 
formalism is capable of dealing with the dilaton field, in the string and/or Einstein frames, 
metric-scalar theories a la Brans-Dicke, and non-minimally coupled scalars. 

The existence of couplings between the moduli fields and the curvature scalar makes 
the generalized junction conditions interconnected. One can have a "kink" in the scalar 
field configuration even though there is no direct coupling between the scalar fields and 
the thin shell of stress-energy. Conversely, these couplings between the thin-shell and the 
scalar fields make contributions to the form and strength of the "kink" in the geometry. 

An exceptional case appears for some moduli field configurations. These exceptional 
field configurations are characterized by the vanishing of the kinetic term of some of the 
scalar fields when transforming to the Einstein frame. In this exceptional case we showed 
that one can find "kink" metric-scalar configurations in the original frame even in the 
absence of any thin-shell of stress-energy. The "kink" in the geometry and that in the 
scalar fields feed back into each other. The possibility that the exceptional condition 
could be satisfied for some particular values of the moduli fields could give place to very 
interesting "Cheshire cat" configurations. 
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Particularizing to the dilaton field, we showed that the geometric picture that emerges 
when working in the string or Einstein frames are very different. It is even possible that 
a geometry with a "kink" in the Einstein frame has a counterpart which in the string 
frame is perfectly smooth. The Einstein frame geometric "kink" is absorbed into the 
conformal factor in such a way that in the string frame only the dilaton field undergoes a 
discontinuity in its normal derivative as one crosses the brane. These apparently different 
configurations are however equivalent. Up to this point in the discussion the choice of 
frame is a matter of convenience. 

However this might not always be the case. First, the complete equivalence between 
frames is only guaranteed if the conformal transformation relating them is not singular. 
When this is not true one can find configurations in one frame that have no complete 
analogue in the other frame. As an specific example, for a non-minimally coupled scalar 
field the present authors have found some traversable wormhole solutions for which 
the term K — ^ip 2 becomes zero in some specific points of the geometry (on the other hand, 
the "Jordan" frame geometry is perfectly regular). The relation between de Einstein 
and "Jordan" frames can be written as [^e]ab = ( K ~ £0 2 ) [<?,/] ab- Therefore, the whole 
wormhole configuration in the "Jordan" frame has no non-singular counterpart in the 
Einstein frame. 

Second, complete equivalence between choice of conformal frames is guaranteed only 
if you simultaneously change both frame and the equation of motion for test particles. If 
physical test particles are observed to follow geodesies in one conformal frame then they 
will not follow geodesies in any other conformal frame. If free fall is truly universal (as the 
Eotvos experiments indicate), then one conformal frame is more equal than the others. 
(Brans-Dicke type theories are set up in such a manner that this special frame is the 
Jordan frame, and for this reason the Jordan frame is often called the "physical" frame.) 
Thus, by performing experiments on bulk matter one should be able to distinguish between 
different frames [p2fl , and the discussion about which frame is the "most physical" will 
come into play p3], j24[ . We emphasise the well-known, albeit commonly overlooked fact 
that string theory does not satisfy the weak equivalence principle, (except approximately), 
let alone the Einstein equivalence principle [^2], ^5], If one uses experiment to decide 
which is the "most physical" frame, then to work in another frame would be nothing more 
than a mathematical trick (although sometimes potentially useful). 

However, taking the Randall-Sundrum models as background scenario it is far from 
clear if the differences in bulk physics will affect experiments performed in the brane 
itself. Since bulk matter is now trapped on the brane, direct free-fall experiments could 
at best suggest the choice of a particular frame on the brane, but would leave the off- 
brane conformal frame a free variable whose choice would be driven by esthetics and 
mathematical convenience rather than by physics. 

At a more basic level, when proposing the fundamental Lagrangian, for each new 
field that one adds it is necessary to decide in which of the previous possible frames it 
will couple minimally. For example, if we want to begin with a non-zero cosmological 
constant for the bulk, defined as a proper tendency of the bulk spacetime to be curved, in 
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which frame should the expression Gab = —^9ab hold? Side-stepping the answer to this 
question for now, it is imperative to analyze (as in this paper) systems with very general 
scalar potentials, to obtain results that can be applied in any frame. 
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